Various space division multiplexing (SDM) schemes are currently investigated as a way to overcome the capacity limit of data links. We here focus on mode division multiplexing (MDM) in a multi-mode fiber (MMF). Towards long-haul data transmission, for which signal amplification is a key enabling component, we investigate a simple approach to precisely control the mode-dependent gain (MDG) between the co-propagating LP 01 and LP 11 modes of an erbium-doped few-mode fiber amplifier (MM-EDFA) by engineering a multi-ring doping profile. In practice, the mode dependent loss of the few-mode transmission fiber must be taken into account in order to equalize the gain for all modal channels. In a step towards practical implementation of MM-EDFA for long-haul SDM, we extend the single ring doping approach to incorporate multi-ring and multi-level doping. Through numerical simulations we study the optimization of the width and doping level of each ring so as to control the MDG. We further discuss the possibility of modal gain equalization through zero-differential modal gain (ZDMG) points in a single stage MM-EDFA, or via tuning of pump powers in a dual-stage MM-EDFA configuration.
INTRODUCTION
The exponential growth of data traffic in recent years has by now practically exhausted all known means (e.g. wavelength and polarization multiplexing, and higher-order modulation formats) of increasing the capacity limit in single-mode fibers (SMFs) [1] . Spatial multiplexing is seen as a promising route to overcome the expected capacity crunch while minimizing the energy cost per bit sent [2, 3] . This is made possible by introducing a new degree of freedom through which one can multiplex several data links within a single fiber strand by either one of two general schemes: a multimode fiber -where each eigenmode corresponds to an independent channel [4] [5] [6] [7] -or in a multi-core fiber where each core represents a link [8, 9] . The present work relates to the former embodiment known as modedivision multiplexing (MDM).
Also at the heart of any practical implementation of spatial multiplexing schemes for long-haul transmission, lies the development of high-performance and cost-effective inline optical amplifiers [2] . The difficulty of achieving equal gain across all channels in a multimode erbium-doped fiber amplifier (MM-EDFA) has been discussed in [10, 11] . To circumvent this problem, active methods based on controlling the input pump conditions have been proposed [12, 13] . However, active methods relying on the injection of multiple pumps in different modes and a delicate control of their relative strengths can potentially increase the system complexity, hence the cost-per-bit.
A passive method for gain equalization based on a ring-doping approach [e.g. Figure 1 (a)] was met with promising early results: 20 dB gain with a differential modal gain (DMG) of less than 3 dB has been demonstrated for the LP 11 and LP 21 mode groups in [14] and for the LP 01 and LP 11 mode groups in [15] , while 12.5 dB gain with 1 dB gain excursion between the LP 01 and LP 11 modes was demonstrated in [16] . The same method was recently extended to include a small doped core in the center of a doped ring MM-EDFA in which four signal modes (LP 01 , LP 11 , LP 21 , LP 02 ) were predicted to achieve gains over 20 dB using two pump modes (LP 01 and LP 41 ), although noise and modal coupling were neglected in the analysis [17] .
In this paper we further extend this passive approach towards multiple doped rings [see Figure 1 (b-c)] and demonstrate superior control over the mode-dependent gain (MDG) of a MM-EDFA supporting two signal mode groups (LP 01 and LP 11 ) at 1550 nm and with -13 dBm input power each, while using a single LP 01 980 nm pump. Our numerical analysis *cang.jin.1@ulaval.ca; http://www.copl.ulaval.ca/ fully takes into account the effect of amplified spontaneous emission (ASE) noise and predicts over 20 dB average gain for both mode groups with a DMG less than 1 dB and average noise figures (NF) below 5 dB. Our analysis suggests that the proposed method should allow precise control over the gain equalization, thus opening a variety of practical working points for MM-EDFAs. We also discuss how such multi-ring multi-level doped fibers can be used in a two-stage EDFA configuration so as to enable dynamic control of the MDG via tuning of the input pump power in each stage. Finally, an argument is made towards multi-ring doped profiles for managing MDG in MM-EDFAs supporting more than two mode groups, and orbital angular momentum (OAM) modes.
THEORY AND MULTI-RING DOPING PROFILES
The operation of an erbium doped fiber amplifier can be described, as is well known, by a set of power propagation equation and rate equation [18] . The former describes the power intensity, either pump or signal, evolution through the doped fiber; while the latter updates the population densities of upper and lower level along the doped fiber, as follows: 
where m indicates the pump, signal or ASE channel, u denotes the propagation direction (1 or -1), σ e and σ a are respectively the emission and absorption cross sections, i m (r,φ) is the normalized beam intensity profile, n 2 and n 1 are the upper and lower population level densities, l indicates the number of polarization modes, variables ν and Δν designate respectively the optical frequency and the ASE channel bandwidth centered at ν, h is the Planck constant, α stands for the background loss and τ is the lifetime of the metastable level of the erbium ions. Conservation is locally enforced on the population densities, ρ = n 1 +n 2 , where ρ is total erbium ion population density.
In our analysis, we considered a few-mode step-index fiber that supports two modes group: LP 01 and LP 11 . To account for the large dissimilarity in the field distributions of the modes and the ensuing spatial mode competition, the transverse cross section in our numerical model was discretized using the multi-layer approach described in [19] . Based on this model, we derived a new set of equations to describe our MM-EDFA: 
where subscript m denotes the signal mode, K indicates the parameters for the K th ring. The variable Г stands for the power confinement in a given ring of a given channel in a given mode. Note that since the emission cross section is zero at 980 nm for the erbium ions, we omitted the term related to it. We also consider only one wavelength channel for the signal, and the background loss is neglected. The factor of 2 in Eq.(3) takes into account the two polarizations states of each mode. We also note that the azimuthal spatial dependence of the LP 11 mode was dropped, i m (r,φ) = i m (r), since we assumed that all four spatial and polarization modes average out during propagation so as to effectively yield a ring shaped intensity profile.
Along with the power evolution equations, the rate equations are given as following, ( ) 
Thus, the population density has a bi-dimensional spatial dependence along the fiber axis direction (z) and the radial direction (r). These equations allow us to describe with good accuracy the population dynamics and the corresponding amplification behavior of several modes, including higher-order modes.
As mentioned before, a few-mode step-index fiber of core radius 8 μm, cladding index 1.445 and NA = 0.1, is assumed throughout the paper. This few-mode fiber supports two co-propagating mode groups (LP 01 and LP 11 ) in the C-band.
We then consider the three types of erbium doping profiles shown in Figure 1 , where the maximum relative concentration level (ρ = 1) corresponds to 1×10 25 m -3 . We note that a minimum feature size of 0.5 μm was imposed in all modeled doping profiles for fabrication tolerance. A qualitative argument can be made for the doping profiles in Figure 1 the design of the doping profile, one achieves a more precise control over the MDG. Moreover, this approach allows one to forego the complex multiple pump arrangements in favor of a single fundamental pump.
SINGLE STAGE SIMULATION RESULTS
Our doping profile design followed these steps: (i) determining and optimizing the parameters of the outer ring; (ii) adding the central doping structure, either inner ring or center rod; (iii) finding the most appropriate doping profile parameters for equalization of the MDG, and MDL compensation, in single-stage or dual-stage multimode doped amplifiers.
Single outer ring doping: fiber parameters and analysis
We first examined the case of a single outer ring [ Figure 1(a) ] of unit relative concentration, internal radius value R oi and external radius R oe . For each pair of parameters (R oi , R oe ) we assessed the MM-EDFA's gain and noise characteristics by solving the two-level system rate and propagation in Equations (3)- (5) through Runge-Kutta 4 th order calculations. The simulations took into account the ASE noise power and polarization degeneracy; but neglected mode coupling effects since these were deemed small enough for the short amplifier lengths involved (≤ 10 m) and because the step-index profile provides weak coupling between signal modes [20] ; and the fiber background loss is also neglected. Additionally, we utilized a co-propagating fundamental mode pump at 980 nm with 200 mW power. The plot in Figure 2 of the differential gain (defined as the gain of LP 11 minus that of LP 01 : ΔG 11-01 = G 11 -G 01 ) as a function of outer ring parameters (R oi and R oe ) allows one to identify the region of the parameter space where ΔG 11-01 > 0 can be achieved with a LP 01 mode forward pump at 980 nm wavelength and P p = 200 mW input power. We note that a MM-EDFA length of 10 m was implemented in the calculations of Figure 2 as we found this value to be close to the optimum length for maximum LP 11 signal gain, inside the entire parameter space. Superimposed on the same figure, the shaded area indicate G 11 > 20 dB gain. We note that the calculated signal noise was kept below NF < 5 dB in all our simulations. Based on these results we selected the outer ring parameters R oi = 5.5 μm and R oe = 7.5 μm as they yield > 20 dB gain and a positive ΔG 11-01 = +7.3 dB gain skew for the LP 11 mode, thus providing ample room for accommodating additional doping structures inside the center region that can be used to create a reciprocal negative DMG towards net gain equalization (i.e. ΔG 11-01 = 0 dB).
Outer ring with a central rod doping profile
As suggested in the previous section, by adding and tuning the radius (R ce ) and concentration level (ρ c ) of a central rod in the doping profile [see Figure 1 (b)] one can manage MDG and equalize the gain. Figure 3 shows the simulated DMG for the whole parameter space (R ce , ρ c ) while using fixed parameters R oi = 5.5 μm and R oe = 7.5 μm for the outer ring, which were pre-optimized in Section 3.1. The increased pump absorption due to the central doped rod resulted in the shortening of the optimum fiber length for maximum LP 11 signal gain. Thus a fixed MM-EDFA length of 7 m was implemented in the calculations of Figure 3 . The numerical results in Figure 3 indicate a variety of zero-differential modal gain (ZDMG) points, where ΔG = 0, which forms a continuous line (solid line in Figure 3 ) inside the parameter space. We selected three different pointsdenoted respectively by solid triangle, star and square markers, the first one located on ZDMG line while another two are in positive and negative regions -so as to investigate in more detail the performance of the corresponding MM-EDFA.
We remark in Figure 3 that although all points located along the ZDMG line can provide ΔG = 0 dB, the profiles described by points located above the triangle marker are less susceptible to fluctuations in the doping concentration level of the center doped rod; while those located below the same marker are more tolerant to slight variations in the actual radius of the center doped rod. For each set of parameters identified, we first simulated the behavior of the MDG with change of input pump power as displayed in Figure 4 . Figure 4 indicates the ability of controlling the DMG by about ±1 dB via tuning of the pump power from 150 mW to 300 mW, while crossing the ZDMG line near P p =200 mW. Selecting the parameters corresponding to the solid star (R ce = 2.0 μm, ρ c = 0.3) merely shifts by approximately +2 dB the tuning ability with pump power. This feature enables one to dynamically adjust the modal gain in order to overcome the mode-dependent losses (MDLs) typically incurred inside a fiber span, as the LP 01 mode usually suffers lower coupling losses between link components than higher-order modes. For example, if we assume input signal powers of -13 dBm and -15 dBm for the LP 01 and LP 11 modes at 1550 nm and 1555 nm respectively -equivalent to MDL = 2 dB prior to amplifier -one can achieve over 18 dB signal gains and simultaneously compensate for the MDL by using a MM-EDFA with "solid star" doping configuration (R ce = 2.0 μm, ρ c = 0.3) and input pump power: P p = 160 mW [as shown in Figure 5 ]. We note that slightly different wavelengths were assigned to the signal modes so as to facilitate visualization. 
Outer ring with inner ring doping profile
Substituting the center rod for an inner doped ring [see Figure 1 (c)] and keeping the parameters of the outer doped ring fixed as before (R oi = 5.5 μm, R oe = 7.5 μm ), parametric simulations [ Figure 6 ] were performed as a function of the inner ring bounding radii R ii and R ie , and using a fixed doping concentration level ρ i = 0.4. The latter concentration level was found to yield adequate LP 11 signal gain (G 11 > 20 dB) inside the whole parameter space (R ii , R ie ) while also providing a moderate and quasi-linear DMG response with input pump power [see Figure 7 ]. This systematic approach allows reducing the number of degrees of freedom to only two variables (R ii and R ie ) for our parametric analysis. Based on the simulation results in Figure 6 , we again selected three points of interest, denoted respectively by hollow triangle, star and square markers. As discussed in the previous section, the LP 11 signal mode typically incurs larger losses than the LP 01 mode inside a transmission link. Hence the doping profile in Figure 6 denoted by the hollow star -which provides ΔG = +2.1 dB gain towards the LP 11 mode -represents one example among a family of profiles that may be exploited in order to compensate for the MDL. As shown in Figure 7 , the "hollow star" profile can compensate MDLs varying from 1 to 3 dB through a quasi-linear change of pump power from 150 to 300 mW. Alternatively in the case of almost equal input signal powers, other doping profiles [e.g. hollow triangle marker in Figure 6 ] located along the ZDMG line, may similarly be used to obtain net gain equalization ΔG = 0 dB by tuning the pump power [see Figure 7 ]. The observed tuning sensitivity of the MDG with pump power is ΔG/ΔP p ≈ 0.0013 dB/mW.
Differential modal gain flatness study
Besides sweeping the pump power, we also looked at the wavelength dependence for all sets of parameters highlighted earlier for both outer ring + center rod and inner ring configurations. The results for the outer ring + center rod profiles [see Figure 8 ] indicate that less than 1 dB gain excursion throughout the C-band can be achieved in case of the solid triangle marker located on the ZDMG line [see Figure 3 ] and for pump power levels P p ≥ 200 mW. These simulations again demonstrate the possibility of achieving less than 1 dB modal gain excursion across the C-band by appropriate choice of multi-ring/rod doping profiles and pump power. The wavelength dependent behaviour of the DMG for the doping profiles corresponding to the three hollow markers [see Figure 6 ] for the outer ring + inner ring configuration [ Figure 9 ], is analogous to that of the outer ring + center rod configuration [ Figure 8 ]. However the MDG's wavelength dependence is noticeably flatter across the C-band for the outer ring + inner ring compared to the outer ring + center rod configuration. Especially the "hollow star" profile in Figure 9 , exhibits significantly better DMG flatness with less than 0.5 dB gain excursion inside the C-band when P p ≥ 250 mW. Figure 9 . Differential modal gain as a function of wavelength under several pump power for the outer ring + inner ring doping profile. Where the hollow triangle, star and square marks corresponding to the same points in Figure 6 . The shaded area corresponds to the |∆G| < 1 dB region.
This phenomenon can be rationalized as following: as the signal wavelength goes towards long wavelengths, the intensity profile of the fundamental mode will spread and the peak intensity is subsequently reduced in the center. This is why the MDG in a MM-EDFA using a center doped rod structure is more sensitive to wavelengths shifts than a similar profile using the inner ring structure instead.
We close this section by mentioning that we also calculated the noise figures (NFs) for each signal mode in all our simulations. Typical NFs calculated for the single-stage MM-EDFAs were around 4.5 dB with about 0.5 dB noise excursions between the two signal modes. 
APPLICATION IN TWO-STAGE AMPLIFIERS
We have shown in the previous section the possibility of tuning the DMG in a single-stage configuration by varying the pump power, albeit with a small change in the signal gain. By exploiting this feature, we demonstrate in this section the ability of tuning the DMG while keeping the signal gain constant in a dual-stage configuration. Figure 10 illustrates the layout of such dual-stage MM-EDFA, where two 980 nm pump lasers provide fundamental mode pumping for each stage in co-direction with the input signal modes. The two pumps are combined with the signal modes by WDM couplers, and a multimode isolator is inserted to prevent backward ASE and back-reflected light from reentering the first stage. The doping profile we chose for the first stage is the outer ring + inner ring because it provides slightly lower noise figures than a comparable outer ring + center rod profile. Once the signal power levels have been substantially increased after the first stage, a second-stage with an outer ring + center rod profile enables to adjust the DMG so as to equalize and provide more signal gain. We chose the hollow triangle [see Figure 6 ] and solid triangle [see Figure 3 ] doping profiles for the first stage and second stage, respectively. We set the input signal power to -30 dBm for both LP 01 and LP 11 modes, and varied the pump power for each stage. In the simulation results presented in Figure 11 , we ignored coupling and isolator losses. Figure 11 reveals that if the pump power of each stage is properly chosen along the ZDMG line (black solid line), one can equalize the DMG. Moreover, the signal gain can be fixed at either 40 dB or 41 dB, for example, while the ΔG is adjusted from -0.5 dB to +1.0 dB by proper tuning of the two-stage pump powers. The DMG tuning sensitivity with pump power is 0.013 dB/mW for first stage and 0.007 dB/mW for the second. Hence in this case controlling the first stage pump power effectively enables coarse tuning while that of the second stage is used for fine tuning of the DMG.
Inside a realistic transmission link, as mentioned before, the LP 11 mode will typically suffer more attenuation than the fundamental mode. We here describe how to compensate such MDL by using our proposed multi-ring MM-EDFAs in a dual-stage configuration. We first select an outer ring + inner ring doping profile with positive DMG, ΔG = +2.1 dB, (see hollow star in Figure 6 ) for the first stage, and an outer ring + center rod doping profile with negative DMG (R ce = 4.5 μm, ρ c = 0.25, ΔG = -2.1 dB) in the second stage. The rationale for doing so is that the first stage with positive DMG acts to compensate the MDL while the second stage is used to adjust and equalize the gain. The results shown in Figure  12 , indicate a DMG tuning dynamic range from 0 dB to 2.5 dB while keeping the LP 11 signal gain constant at 41 dB. Observed tuning sensitivities for 1 st and 2 nd stages are 0.017 dB/mW and 0.007 dB/mW, respectively.
We remark that owing to the high gain yielded by the dual-stage configuration presented previously, the noise figures of the LP 01 and LP 11 modes are both kept to relatively low levels of about 4 dB with small deviations < 0.2 dB between the two modes. The proposed dual-stage MM-EDFA scheme enables not only higher gain (> 40 dB) than a similar singlestage MM-EDFA, but also lower noise figures. 
CONCLUSIONS
In this paper, two types of multi-ring multi-level doping profiles for MM-EDFAs are proposed and investigated: one presents an outer ring + center rod doping profile, while the other has an outer ring + inner ring doping profile. Through numerical simulations of the single-stage MM-EDFAs performance (for LP 01 and LP 11 signal modes at 1550 nm) using the engineered doping profiles, we demonstrated precise control over the mode-dependent gain by tuning the fundamental mode pump power (at 980 nm). We predict over 20 dB signal gain for both modes, while gain excursion inside the C-band can be maintained below ± 0.8 dB in the case of the outer ring + center rod profile, and ± 0.5 dB for the outer ring + inner ring profile.
In the dual-stage configuration, via independent control of the pump powers in each stage (150 mW dynamic range) we demonstrate the ability to obtain over 40 dB signal gain while simultaneously compensating for mode-dependent losses up to 2 dB. Moreover, we show that the first stage may serve for coarse tuning of the DMG while the second stage may be used for fine-adjustment tuning and equalization of the DMG. Due to the high gain achieved in a dual-stage configuration, low noise figures around 4 dB are obtained throughout the tuning range.
Our analysis also showed that the outer ring + inner ring doping profile results in better gain flatness across the C-band, and this type of doping profile naturally favors the amplification of higher-order modes that have zero intensity in their center. Moreover, due to the circular symmetry of the multi-ring doping profiles, one is tempted to see them as potential candidates for MM-EDFAs in communication links with recently proposed fibers supporting OAM modes.
